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Unified optimization criterion for energy converters
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We propose a unified optimization criterion for energy converters. It represents the best compromise be-
tween energy benefits and losses for a specific job and neither an explicit evaluation of entropies nor the
consideration of environmental parameters are required. For all considered systems the criterion predicts a
performance regime laying between those of maximum efficiency and maximum useful energy. Such regime
has been invoked as optimum not only in macroscopic heat engines but also in some molecular motors.
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The subject of optimization of real devices has receiv
continued attention in thermodynamics, engineering and,
cently, in biochemistry@1–6#. The main goal in optimization
is to find the pathway that yields optimum performance in
process operating at nonzero rates. To achieve this goa
objective function that depends on parameters of the prob
must be optimized. In principle one has the freedom
choice of such objective function. It has been pointed
@6,7#, however, that athermodynamiccriterion devoted to
analyze the optimum regime of operation in a real proc
should meet the following requirements:~i! its dependence
on the parameters of the process should be a guidanc
order to improve the performance of that process;~ii ! it
should not depend on parameters of the environment;
~iii ! it should take into account the unavoidable dissipation
energy provoked by the process. In this letter we address
problem of finding an optimization criterion which, satisf
ing the above requirements, can be applied to any ene
converter.

The two methods most widely used in the optimization
traditional thermodynamic heat devices are the entropy g
eration minimization and exergy analysis. Both methods
based on the Gouy–Stodola theorem@8#, which quantifies
the lost available work ~or exergy destruction!, Wlost
5T0Sgen, for any system operating under irreversible~finite-
time! conditions in terms of the corresponding entropy ge
eration,Sgen, and the environment temperature,T0. The ap-
plication of this theorem to a particular design requires
evaluation ofSgen through a model linking the thermody
namic nonideality of the design to the physical characte
tics of the system. However, deriving expressions forSgen is
a subtle and, sometimes, difficult task~as it happens for situ
ations where the system is far from the equilibrium!. Exer-
getic methods additionally depend on the parameters of
environment which can be unknown or far from the avera
values@6,7#. A number of different optimization criteria hav
also been proposed, but they suffer from a lack of genera
since they apply to particular heat devices, either heat
gines, refrigerators, or heat-pump cycles@5#.

An important feature of the proposed criterion is that
gives an optimized efficiency that lies between the maxim
efficiency and the efficiency under maximum power con
tions. Such operation regime was invoked as optimum
traditional heat engines@9# and agrees with recent observ
1063-651X/2001/63~3!/037102~4!/$15.00 63 0371
d
e-

a
an
m
f
t

s

in

nd
f
he

gy

f
n-
re

-

e

-

e
e

ty
n-

t

-
n

tions that some molecular motors seem to be optimized b
from the velocity and the efficiency standpoints@10,11#. Al-
though conceptual differences exist between microsco
and macroscopic engines@3,10,11#, this fact suggests that th
proposed optimization could be used as a unified framew
for dealing with molecular and macroscopic engines.

Let us consider an energy converter whose task is to p
duce a useful energyEu(x;$a%) by the conversion of an
input energyEi(x;$a%) along a given~nonideal! process.
Herex denotes an independent variable while$a% denotes a
set of parameters which can be considered as controls.
conventional efficiency of this converter, defined as the ra
between the useful and input energyz(x;$a%)
5Eu(x;$a%)/Ei(x;$a%), satisfies the relationzmin($a%)
<z(x;$a%)<zmax($a%), wherezmin($a%) and zmax($a%) are, re-
spectively, the minimum and maximum values ofz(x;$a%)
in the allowed range of values ofx for given a ’s @we note
that in some energy converterszmin$a%Þ0 ~see below for an
example!#. Then, for a given input energy, one ha
zmin($a%)Ei(x;$a%)<Eu(x;$a%)<zmax($a%)Ei(x;$a%). These lim-
its suggest to define an effective useful energy
Eu,eff(x;$a%)5Eu(x;$a%)2zmin($a%)Ei(x;$a%) and a lost use-
ful energy asEu,L(x;$a%)5zmax($a%)Ei(x;$a%)2Eu(x;$a%). To
evaluate the best compromise between useful energy and
useful energy we introduce theV function as the difference
between these quantities:

V~x;$a%!5Eu,eff~x;$a%!2Eu,L~x;$a%!

5
2z~x;$a%!2zmin~$a%!2zmax~$a%!

z~x;$a%!
Eu~x;$a%!,

~1!

which is our proposal as objective function to analyze
operation mode of any energy converter giving the best co
promise between energy benefits and losses.

We first apply the criterion to macroscopic heat devic
used in thermodynamics, distinguishing among heat eng
~HE!, refrigerators~RE!, and heat pumps~HP!. In a HE the
useful energy is the work delivereduWu and the input energy
is the heat supplyuQHu; a RE extracts a refrigeration loa
uQLu from a cold space at the cost of an expenditure of w
uWu; and a HP delivers a heating loaduQHu to a warm space
©2001 The American Physical Society02-1
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while a given workuWu is supplied. The efficiencies of thes
systems are well known:zHE[h5uWu/uQHu, zRE[e
5uQLu/uWu is the coefficient of performance~COP! of the
RE andzHP[n5uQHu/uWu is the COP of the HP. Note tha
h and e can attain the value zero, whilen5e11. As a
consequence, in a HPn is never below unity and the effec
tive useful heating load isuQHu2uWu. The HP is an explicit
example wherezminÞ0. From the above considerations a
using Eq.~1! we obtain for these heat devices the followin
expressions forV:

VHE52uWu2uWumax

5~2h2hmax!uQHu

5~2h2hmax!uWu/h, ~2!

VRE52uQLu2uQLumax

5~2e2emax!uWu

5~2e2emax!uQLu/e, ~3!

VHP52uQHu2uWu2uQHumax

5~2n212nmax!uWu

5~2n212nmax!uQHu/n, ~4!

which can be considered, respectively, as the best com
mise between maximum work performed and minimum l
work in a HE, between maximum cooling load and minimu
lost cooling load in a RE, and between the maximum hea
load and minimum lost heating load in a HP.

In order to obtain concrete results we focus on the
called irreversible Carnot-type models. They are widely u
in finite-time thermodynamics@5# because, in spite of thei
relative analytical simplicity, are able to account for the ma
irreversibilities that usually arise in real heat devices: fini
rate heat transfer between the working fluid and the exte
heat sources, internal dissipation of the working fluid, a
heat leak between reservoirs. For an irreversible Carnot-
model of a HE, the powerẆ and efficiencyh are @12#

Ẇ~ah ;t,I ,shc ,s ih!}
I ~ah21!2shc~ah21!22t~ah

22ah!

ah~ I 1shc!2shcah
2

,

~5!

h~ah ;t,I ,shc ,s ih!5F12
aht

I 2shc~ah21!G
3F ah21

ah211s ihah~12t!G , ~6!

whereah>1 is the ratio of the hot reservoir temperature
the working fluid temperature in the upper isothermal p
cess~our independent variablex) andt, I, shc , ands ih are
the set$a% of controls accounting for, respectively, the rat
of the cold reservoir to the hot reservoir temperature,
internal dissipations of the working fluid, the ratio of th
external hot-end to cold-end conductances and the rati
03710
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the internal heat conductance to the external hot-end con
tance. For this modelhmin50 and the rate-dependent versio
of Eq. ~2! becomes

V̇HE~ah ;t,I ,shc ,s ih!

5@2h~ah ;t,I ,shc ,s ih!2hmax~t,I ,shc ,s ih!#

3Ẇ~ah ;t,I ,shc ,s ih!/h~ah ;t,I ,shc ,s ih!.

For given values of controls, the functionsh, Ẇ, and V̇HE
always present a maximum for someah>1. The maximum
efficiency and the efficiencies under conditions of maximu

Ẇ and maximumV̇HE are plotted versust in the upper part
of Fig. 1 for a set of realistic values of controls, while th
lower part shows the maximum power and the power un

conditions of maximumh and maximumV̇HE. As it can be

seen, theV̇HE regime gives efficiencies and powers who
values are between those obtained from the maximum
ciency and maximum power regimes. We have checked
this happens for any allowed value of the controls.

For an irreversible Carnot-type RE the cooling rate,Q̇L ,
and the COP,e, are@13#

uQ̇Lu~ah ;t,I ,shc ,s ih!}
aah2b

gah2~g21!
, ~7!

e~ah ;t,I ,shc ,s ih!5
aah2b

~ah21!~gah2d!
, ~8!

with a5I t2s ih(11Ishc)(12t), b5a1s ih(12t), g
511Ishc , andd5I (shc1t). Now ah>1 denotes the ratio
of the temperature of the refrigerant in the upper isotherm
process to the temperature of the external hot reserv

FIG. 1. Efficiency,h, and ~dimensionless! power, Ẇ, for an
irreversible Carnot-type HE model (I 50.9, shc51, s ih50.1) ver-
sust. Upper part: maximumh ~dashed line! and h under condi-

tions of maximumV̇HE ~solid line! and maximumẆ ~dotted line!.

Lower part: maximumẆ ~dashed line! andẆ under conditions of

maximumV̇HE ~solid line! and maximumh ~dotted line!.
2-2



on

-

O
d

ob
i

n.
th

-

le
e
yp

f-

r
n

duct
ure

-
an

ion
e
x-

e
on

t
ns

al
as

i-

ady
n

ugh

BRIEF REPORTS PHYSICAL REVIEW E 63 037102
emin50 and V̇RE(ah ;t,I ,shc ,s ih)5@2e(ah ;t,I ,shc ,s ih)
2emax(t,I,shc,sih)#uQ̇Lu(ah ;t,I,shc,sih)/e(ah ;t,I,shc,sih). Fig-
ure 2~a! shows the maximum COP and the COP under c

dition of maximumV̇RE ~the COP under condition of maxi
mum uQ̇Lu is zero! and Fig. 2~b! shows the maximumuQ̇Lu
and uQ̇Lu under conditions of maximume and maximum

V̇RE. Note again that the proposed criterion gives a C
below that corresponding to the maximum COP regime an
cooling power lying between the maximum one and that
tained under maximum COP. Results for the Carnot-type
reversible HP are straightforward and they are not show

As a second application to heat devices, we consider
so-calledendoreversiblemodels@1,14#. These models, sub
ject to criticisms during the last years@15# ~see however
@16#!, assume an internally reversible Carnot engine coup
to two external heat reservoirs through linear finite-rate h
transfer laws. They emerge from the irreversible Carnot-t
models if I 51 and s ih50. Now hmax512t [hC , emax
5t/(12t)[eC , nmax51/(12t)[nC and the values of in-

volved functions under maximumV̇ condition can be
worked out analytically. In particular, the results for the e
ficiency and the COP’s arehmaxV̇HE

512At(t11)/2,

emaxV̇RE
5t/(A22t2t), andnmaxV̇HP

5emaxV̇RE
11. It is also

found thathCA<hmaxV̇HE
<hC , wherehCA[12At, is the

~Curzon–Ahlborn@14#! efficiency under maximum powe
conditions. Two of the abovet-dependent values have bee
reported previously. Angulo-Brown@17# first derived
hmaxV̇HE

by applying the so-called ecological criterion~the

FIG. 2. COP,e, and~dimensionless! cooling power,uQ̇Lu, for an
irreversible Carnot-type RE model (I 50.9, shc51, s ih50.1) ver-
sus t. ~a! Maximum e ~dashed line! and e under conditions of

maximum V̇HE ~solid line! and maximumuQ̇Lu ~dotted line!; ~b!

maximum uQ̇Lu ~dashed line! and uQ̇Lu under conditions of maxi-

mum V̇HE ~solid line! and maximume ~dotted line!.
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best compromise between power production and the pro
of entropy production and the cold reservoir temperat

TC : EHE5Ẇ2TCṠgen) to the optimization of an endorevers
ible Carnot HE. Later, this criterion was reinterpreted by Y

@18# in exergetic terms asEHE5Ẇ2T0Ṡgenwith T0 denoting
the environment temperature. TheemaxV̇RE

result was first
reported by Yan and Chen@19# in the optimization of an
endoreversible Carnot RE under the ecological criter
ERE5uQ̇Lu2eCT0Ṡgen ~the best compromise between th
maximum rate of refrigeration and the minimum rate of e
ergy loss! whenT0 takes the value of the hot reservoirTH .
The optimizednmaxV̇HP

value can be also obtained from th
optimization of an endoreversible HP under the criteri
EHP5(uQ̇Hu2uẆu)2nCT0Ṡgen with T05TC . Accordingly,
theV criterion is an ecological-like optimization but withou
requiring environmental parameters and explicit calculatio
of Sgen.

An entirely different energy converter is the isotherm
linear model for systems in nonreversible steady states
considered by Stucki@20#, Santillán et al. @21#, and Prost
et al. @3,10# in the analysis of the efficiency in linear biolog
cal motors. For such energy converter power,P, and effi-
ciency,h, areP52TJ1X1 andh52J1X1 /J2X2, whereJ1
and J2 are the generalized currents andX1 and X2 are the
generalized forces, withJ1X1,0 andJ2X2.0 denoting, re-
spectively, the driven and driver processes in the ste
state. Under a constant driver forceX2, these magnitudes ca
be expressed in terms of a relevant variablex5
2X1L11/X2L12 @0<x<1# and a~control! irreversibility pa-
rameter q5L12/AL11L22 @0<q2<1# measuring the cou-
pling degree between driver and driven processes thro
the phenomenological constantsLi j , as

FIG. 3. As in Fig. 1 but for the efficiency,h, and ~dimension-
less! power,P, of the isothermal linear model versusq2.
2-3
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P~x;q!5TL22X2
2q2x~12x!, h~x;q!5

q2x~12x!

12q2x
.

~9!

In this case theV̇ function becomes@hmin(q)50#

V̇~x;q!5TL22X2
2@2q2x~12x!2hmax~q!~12q2x!#,

~10!

where hmax(q)5(12A12q2)/q2. In Fig. 3~b! we plot the
results for the maximum power and power under maxim

h and V̇ and in Fig. 3~a! the results for the maximum effi

ciency and efficiency under maximumP and V̇. We stress

two main facts.~a! For any value ofq2 the V̇ regime yields
a power between the maximum power and the power un
maximum efficiency condition and an efficiency between
maximum attainable value and the efficiency under ma
mum power condition.~b! For q2→1, the maximum effi-
ciency regime is not operative since it implies zero pow
and the maximum power regime implies a drastic decrea

of the efficiency up to 0.5. Between these two regimesV̇
yields an efficiency approaching 3/4 while power rema
finite, in agreement with reported results@20,21#. Similar
values to those plotted in Fig. 3~a! emerge from an ecologi

cal regime@21#, E, which can be obtained fromV̇ by replac-
ing hmax by the unity in Eq.~10!. A significant difference
between them is that theE regime crosses, for some value
q2, the maximum efficiency and maximum power criter

Only whenq251, E andV̇ coincide.
Finally, with the aim of showing the wide applicability o

the proposed optimization, we analyze a mechanical c
verter: an Atwood machine@22# with two weightsM2g, the
driven force, andM1g, the driver force (g is the acceleration
nd
e

,

03710
er
e
i-

r
g

s

.

n-

of gravity!, and a friction force proportional to the velocit
of the masses,v. In the steady state this velocity is give
by vss5M1(12h)g/2m, the ~useful! power output is

Pu5M2gvss5~M1g!2h ~12h!/~2m!

5~M2g!2~12h!/~2mh!,

whereh5M2 /M1 is the efficiency, and the objective func

tion is V̇5(2h21)Pu /h. If we keepM1 constant, maximi-
zation of power gives an efficiency 1/2 while maximizatio

of V̇ gives and efficiency 3/4, in full agreement with resu
for the isothermal linear model~where the driver force was
also considered as a constant! in the limit q2→1. Keeping
M2 constant, maximization of power gives a nonoperat

zero efficiency while maximization ofV̇ gives an efficiency
2/3.

In summary, a unified optimization criterion for energ
converters has been presented. It represents the best com
mise between maximum useful energy and minimum l
useful energy for a specific job, it is independent of a
environment parameter, and does not require the exp
derivation of entropy generation. For endoreversible Carn
type models it recovers in a natural way some temperat
dependent efficiency limits obtained under differe
ecological-like criteria. For irreversible heat engines it p
dicts an operation regime lying between those correspond
to maximum efficiency and maximum power. Such regim
has been considered as optimum in macroscopic and mol
lar engines.
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